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Using earlier results [1, 2], Green’s tensor for an elastic cylinder is constructed. This enables the case of multiple eigenvalues to
be considered. The static problem receives special attention. Green’s tensor for an infinite cylinder is constructed as an expansion
in terms of elementary solutions. For a cylinder of finite length the construction of Green’s tensor can be reduced to an infinite
system. An asymptotic analysis of the classical Saint-Venant problems is carried out. The notions of the vector-valued Green’s
function and Green’s tensor are introduced into the Saint-Venant theory and they are constructed in explicit form. © 1996 Elsevier
Science Ltd. All rights reserved.

The solution of the problem of the steady-state vibrations of an infinite cylinder subject to a point force
applied at an arbitrary point was represented in [3, 4] in the form of expansions in terms of homogeneous
elementary solutions and can be regarded as Green’s tensor of the boundary-value problem. However,
the case when the eigenvalue problem on the cross-section has multiple spectrum points has not been
considered. The case of critical frequencies and the very important case of the static problem have
thereby been excluded from consideration because the null eigenvalue of the latter has an algebraic
multiplicity of two. In particular, the null eigenvalue corresponds to the classical solutions of the Saint-
Venant problem [5] on the stretching, twisting, and bending of a cylinder of finite length by forces applied
to one of its ends.

1.Let V' = § X [—co, ] be a domain occupied by an ideal elastic medium, let S be the cross-section
of the cylinder, a5 the boundary of S, and let I be the lateral surface of the cylinder. We place the origin
of a Cartesian systerm of coordinates xx,t; on the principal axes of the section Sy, the x; axis being parallel
to the generatrix of the cylinder.

We shall consider the harmonic vibrations of the cylmder generated by a point force proportional
to e™® and applied at a point O’ with coordinates (x7, x5, 0).

We shall assume that the lateral surface of the chmdcr is stress-free.

The following notation is used below: u = {uk }2=1 is the displacement vector, & = {03 }3-; is the
stress vector in the planes orthogonal to the x; axis, F = F8(x; —x)8(x, —x2)3(x3) is a vector representing
the point force, F = {FY_., d(x) is the delta-functlon and w = {p, o} is an extended six-component
vector. Henceforth, u and o will be called the u- and 6-components.

We shall consider w to be a vector-valued function w(x)(x = x3) with values in the Hilbert space

= H & H with scalar product

1 2
(w( ) wt ))H’ =(“(l)’u(2))ll +(0'(l),0'(2))H

3
@, u®), = [ u® . §Pds=[ ¥ uPzPds
N § k=l

The equations of equilibrium and of steady-state vibrations together with the boundary conditions
on I' can be written in the form [6]

dwldx - iTw = K (1.1)

where T is an unbounded operator in H’ and K = i{0; Fy}.
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The eigenvalue problem
Tv =yv (1.2)

corresponds to the homogeneous problem (1.1).

We know [2, 7] that for any bounded frequency o the spectrum of T can be split into A = A U A*
U A~, where A is a finite set of real eigenvalues (EVs) ¥, and A*, A™ are unbounded sets of complex
EVs Y%, Ye(Im v} > 0, Im % < 0). A multiple EV corresponds to the case o'(y;) = 0, the group velocity
being equal to zero.

We will denote by W the set of elementary solutions of the homogeneous equation (1.1). Each element
of this set can either be represented in the form

v os%
W, = Ve !

where 7, is a simple EV of the eigenvalue problem (1.2), or in the form

n ix )t
_ A (ix)
VV“.’l =g’ Z ———ll vM_,

=0

if y; is a multiple EV, which may correspond to one or more systems of eigenvectors and associated
vectors (Jordan chains) v, Vi, . . ., Vi

It has been established [1, 2] that, for any structure of the spectrum, W = W+ U W, where W* and
W~ are defined as follows: in the case of real EVs (s = r)w,e W, if Jw,, w,) > 0, and w,e W if (Jw,,
w,) <0,whereJ = i||Jyll, Jia = Jo5 = J3g = —1,J41 = J55 = Jg3 = 1 with J; = 0 for the remaining ones;
in the case of complex EVs (s = k)w, € W' if v, = v}, and w, € W™ if 1, = ;. Below w, = wi(w;) if
w,e W (W)

Since the energy flow through the cross-section of the cylinder is

P(w) = 0[w, w]/4

[w,wl=(Jw, W), =i[(u,0)y —(u,0)y]

it follows that, in the case of oscillations, W is decomposed in accordance with the energy radiation
principle [8].

We denote by v, = w(0) = {a,, b} the traces of the elementary solutions in the sectionx = 0. We
will use the following biorthogonality properties below

[v;.vil=2p,8,, [vi,vi]1=0 (13)
(V% Vi l=2P8m: Pk =~Pi (14)

as well as the properties of completeness and minimality in H’, which follow from [2, 9, 10]. In (1.3)
and (1.4) the subscripts r and [ refer to vectors corresponding to real EVs, while m and k refer to those
corresponding to complex EVs.

We will denote the solution of the problem under consideration by

G(x) = G(x] 1x2v X3, x]’s xéao)
and call it the vector-valued Green’s function. We shall seek it in the form

G(x)=G*'(x)=Y Cw;, x>0
’ (15)
Gx)=G (x)=Y C/w;, x<0

Since the right-hand side of (1.1) is proportional to 8(x) (see (1.2)), the solution undergoes a jump
at the cross-section x = 0, so that

G(+0)-G(-0)=G*(0)-G (0) =K, (1.6)
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Ko =i{0,Py}), Py =Fd(x; — x{)8(x, - x3)

Substituting (1.5) into (1.6) and using the biorthogonality properties (1.3) and (1.4), we obtain
in the case of real EVs

Cct=i@2p,)'at F 1.7
in the case of complex EVs
Ci =+i2pf)'al -F (1.8)

In (1.7) and (1.8) a2’ = u’(x}, x5, 0) are the components of the displacement vector of the corres-
ponding elementary solution at O’.
Substituting (1.7) and (1.8) into (1.5), we get

G*(x)=G5(x)+Gi(x), Gi(x)=iY (2p,)'@* Fwix)
r (1.9)

Gi(x)= ii}k: Qpe) (@ -Fywi(x)
Taking the u-component, we obtain expressions for the components of Green’s tensor

U =03, (2p,) " THul, * izkz 2pi) ' agug,
r

2. Consider the static problem (® = 0). In this case the real part of the spectrum of (1.2) consists
of a 12-fold EV v = 0. The corresponding invariant subspace of T is defined by the following
system of eigenvectors and associated vectors v, = {a,, b,} (r = 1, 12)

a,; =(1,0,0), a,=(0,0,-if;), a;=(0,1,0)

a, =(0,0,—if;), a5=(0,0,1), ag=(-&,+&3,& —E;,0)

a;=(0,0,i0,), ag=(V¥,¥2,0), ay=(0,0,i0,)

a0 =(¥21,¥2,0),  a;, =(=iv§,,~iv§,,0), a;; =(0,0,i6) (2.1)
b, =(0,0,0) (r=1,6)

by =i(7)),73,0), by =(0,0,—Eg§;), by =i(15,12,0)

byo =(0,0,-EE,), by, =(0,0,iE), by, =i(3,D,~9,,0)

To each vector v, there corresponds an elementary solution

w, (&) ={u,(§).a, &)

u =a;, u,=ifa +a,, uy=a;, u,=ifa,+a,

us=a;, Ug=ag, U;=K(E) a +4(i) a, +ilag +a,

u; = 5(i€) e, +i€a, +ag, uy =Y (L) a,+ (&) a, +ika, +a, (22)
ujp =Y (&) ay +ika, +ay, uj, =ias+a,, uy, =iCag+ay,

o, =(0,0,0) (r=16)

o, =iEbg+b;, oz=bg, o4=ifb,,+b,

O =by, o, =b;, @;=by,

In (2.1) x¥, = AL} are the coordinates of the centre of twisting
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Y =—VYpu = v/ 2(&% _§12)9 V=Y = —Vgléz
Tap =950 + Vo, OLP=12

The functions 6,, 8,, 8, ® solve the boundary-value problems

Aea = 2§(l ’ nﬁaﬁeu Ias = nBW‘IB
Ab=-2, 3,Bly=0

E0=2(1+V), E=HEO,

A=32+3%, 3,=3/3E, 3, =9/3s

where p is the shear modulus, v is Poisson’s ration, ng is the projection of the unit normal vector on to
the lateral surface of the cylinder, and s is a variable along the contour dS.

All the expressions above are written in dimensionless coordinates &, = h %y, where h is a
characteristic linear dimension of S. The displacement and stress vectors are also dimensionless and
can be obtained by dividing the corresponding dimensional quantities by u and A.

Because the static problem is considered, when constructing the vector-valued Green’s function there
is no need to require that G§ and Gy should satisfy the radiation condition, so that one does not have
to change from the system of elementary solutions (2.2) to the fundamental system of elementary
solutions [2]. G* and G can be constructed using the following properties.

Property 1. A displacement of the cylinder as a rigid body corresponds to the system of elementary
solutions (2.2) forr = 1, 6.

The following properties follow from the results of [2, 9, 10].

Property 2. The system of vectors M = {v,, v}, ¢} (r = 1, 12) is minimal and complete in H'.

Property 3. The systems of vectors M = {a,, a3} (r = 1, 6) and M} = {b,, b3} (r = 7, 12) are minimal
and complete in H.

Property 4. The following generalized orthogonality relations hold

[V6+nV,]=—-i(b6+,,a,)H = prarr! r.t =1,_6 (2.4)
[vi,v,]=—i(b},a,); =0, =16

Here py = p; = D1, ps = ps = D2, ps = Dy, ps = Digy D1 = K *Eqly, Dy = h™*Eql, D, = h’EylS), Dy
= h™C, I, and I, are the principal moments of inertia, | S | is the area of cross-section, and C is the
geometric twisting stiffness of the cross-section.

We shall now construct the vector-valued Green’s function. Properties 1 and 2 enable us to seek it

in the form (1.9) with

12
G, = 27 Ciw, (§) (2.5)
By Property 4, we have
Cct=x(2p,) i@, -P), r=712 (2.6)
Ci =+(Q2p;) " i(a; - P) 2.7)

P=F/ph?, a,=a,(E]t3)

Taking into account that Gy = {Gy,, Gos}, Where Gy, and Gy, are the u- and 6-components, by (2.5)
and (2.6) we obtain the expressions for the displacement tensor and the force tensor

Ggu = U%u ) Goic = U%u ‘e (2.8)
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t : 2 =1 = + : 12 -1 =
UOu =i 27 (2pr-6) ua,, UOG =i z_, (zpr-6) o8,
r= r=

Naturally, the solution constructed has no independent physical meaning. It must therefore be
considered as a partial solution of the inhomogeneous problem (1.1), which forms a part of the vector-
valued Green’s function (Green’s tensor) for various boundary-value problems for a cylinder of finite
length.

3. As an example, we consider the boundary-value problem for a cylinder of finite length (x, [0, L]),
one end of which is clamped, the other one being stress-free. The cylinder undergoes a deformation
under a point force applied at O,(x}, x5, x’) . Changing to the dimensionless coordinates, we shall seek
a solution in the form

w6 (§.8)=wo()+w (§)+Go(E-E)+G,(E-E)
12

Wo(é) = 2 Arwr(g) (3-1)
r=i

wi®)=% [Agwi )+ A;wi(§-D), I=L/h
We shall determine the coefficients of the expansion (3.1) from the boundary conditions

u@0=0, o()=0 (3.2)
Substituting (3.1) into (3.2), we obtain
12
zl Aa, +§ [Afa} + Are ®Ha; 1= -G (-E") (3.3)
12 .
'>=:7 Ao, (D)+ % [Afe™b} + A;by 1= -G (I-E") (34)

o =hy,, o, =0

The functional relationships (3.3) and (3.4) can be reduced to algebraic ones 1f Property 3 is used.
Thus, taking the scalar products of (3.4) by the elements of the subset {a,}5_; and using (2.4) and
(2.5), one can determine the coefficients 4,, r = 7, 12. We have

A;=-C], A4=€CI-CG, A=-C, (35)
Ap=i'Cs -Gy, A =-C), Ap=-C}

The computation of the remaining coefficients of the expansion can be reduced to the solution of an
infinite system of algebraic equations of the form

% cimeiaklA:"'z CkmA; =dm1
k

_ 3.6
I Cudl +3 Crke AL = dop )
ip A+ (chAL + cpe A =4, G.7)

=16

Here
Gy ==3 cinBe™ (), B =i2p))” B; -P)

12
dm2 =- §7 C:,,,A, - (b:nGu (—g'»H
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12 .,
d =3 ¢,Ct+3 cze ™5 c;
r=7 k

Com = (05,87 g Cim =(b}.85) . =(bg,p a5 )y
Com =(bpua, )y, ¢, =(bgy,a,)y

@, =—Cy+(bg, 0. (-ENy+i&c,, r=79

P, = —Cn + (b6+nur(_§'))ﬂr r= 8’ 10’1 1’ 12

When € = Il is a small parameter, the above relationships enable us to carry out an asymptotic analysis
of various boundary-value problems and obtain accurate asymptotic estimates for the various components
of the stress—strain state.

This will be demonstrated using the classical Saint-Venant problems as an example. To do this we
set

o)=0"(§,8), &=I

in the second boundary condition (3.2), and we introduce a new variable & = /L. Applying the super-
position principle, by (2.1), (2.6) and (2.7) we find that

Ci =+i(2pt )"£ (o & )dE e,

C;:-——lﬁ; g’:— Ml
2uk’Dy 2uk°D;
.F* M:t
G =—=2, Cy=—o2_ 38
2uh2D2 10 2M3D2 ( )
. if iM; +i(FE, -~ FE
T
p Hh'Dy,

Here F;, M} are the projections of the principal vector and principal moment applied to the end § =
1 of the cylinder. _

From (3.5) and (3.8) one can see that A4,, r = 7, 12 can be determined exactly.

Turning to the infinite systems (3.6), in which we neglect the sums containing exponential factors,
we can conclude that Ay are of order one in £ and

Af =e'BY + BV + 0Py, B, = inf(Ima ) (3.9)

12
Bl£0) =@7;,C7 + 94, Cs, Bl(zl) = ;_.‘% onC;

r#9
Substituting (3.12) into (3.8), we get
12
A= g_’ (Pn +97,)C (3.10)

Po=€"'T kPu» ©=79 @,=3 i@y, s=810,1112
k k

Using (3.10), one can now analyse the effect of the exponential solutions (the boundary layer) on
the inner deformed state through the constants A,, (t = 1, 6) (they have no effect on the inner stress
state because the stresses corresponding to the elementary solutions containing these coefficients are
equal to zero). The leading terms of A; and A3 are of order €72, the correction term related to @',
(o = 7, 9) being of order £ .. The leading terms of 4, and A4, are of order €72, the corrections being
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of order one. The leading terms of A5 and A are of order €7/, the correction terms being of order one.

The above analysrs enables us to obtain accurate asymptotrc estimates for the differences v,({) =
w(0) - %0, Vi = i —u; - u?, and T =04~ -a?, where u; and c; are the components of the displacement
vector and the stress tensor of the exact solutlon u?being the components of the displacement vector
of Saint-Venant’s theory in the case when

12
A= 27 o, (3.11)

where A4, are determined ignoring the boundary layer; u are the components of the displacement vector
in the case when the A, are determined from (3.10) (with the boundary layers taken into account).

Inthe casewhen Fi# 0 (o= 1 2), u, has the leading order £ among the dlsplacement components,
and G3;3 has the leadmg order ! among the stress components, all the remaining stresses being of order
one, with

e, =0(1), eV} =0(x), et =0()) (3.12)

In the case when F% = 0, M} # 0, and M} = 0 the component u, is of leading order €72 all the stresses
being of order one with

v;=0(), V=0, T;=0() (3.13)

In the case when F* = 0, F§# 0 and M*# 0, u; is the displacement of leading order €72, all the stresses
are of order one, and the estimates (3. 13) are satisfied.

When F}= 0, M* 0, and M% # 0, the displacements u,, have the leading order €72, all the stresses
are of order one, and the estimates (3.13) are satisfied.

The estimates are given for 0 < { < 1; x = exp(—B+/{) when 0 < { < 1/2, and y = € exp(-B+/(1 - {))
when12 < { < 1.

Thus, the boundary layers enable us to obtain better estimates for the displacements in Saint-Venant’s
problems. They have no effect on the estimates for the stresses.

Here one should note that, first, the estimates obtained from T strongly support the Saint-Venant
principle (a rigorous proof of which was first given by Toupin in [11]; profound extensions of Toupin’s
approach were obtained in [12]) and, secondly, no estimates for v’; can be established.

Using the superposition principle and the relationships obtained above, a similar asymptotic analysis
can also be carried out in the case of arbitrary distributed external volume and surface forces.

We shall now define the vector-valued Green’s function of Saint-Venant’s theory for the boundary-
value problem under consideration as

2
W =Go+wy = ;_, o M (R 3 (3.14)
where C7 are defined by (2.6) and

g =g, 0<E<f; g =g, E<§sl

6
g::: = 8s,r+li§'wr(€) + g‘l W, (é) + W,(g - g,)

Using (3.14) we can obtain in an obvious way expressions for the displacement and force tensors.
We have

o 12 _ . _
U, = ;7 gnd,, Ug=3% 8rod; (3.15)

where g, and g, are the u- and o-components of g,.

If, in place of a point force F applied at O,(x}, 3, x’), we introduce an equivalent system consisting
of a force F and-a moment M applied at 0,(0, 0, x"), then (3.14) can be considered as a solution of the
boundary-value problem within the framework of an applied theory taking shear into account. The
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constants C; must then be computed from (3.8) with F* = F; and M* = M;. Many papers have been
devoted to the construction of various versions of theories of this kind, a detailed survey of which can
be found in [13, 14].¥
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